For a > 0 let ^ denote the class of functions defined for \z\ < 1 by integrating 1/(1 -xz)" against a complex measure on \x\ = 1 . The main results in this paper assert that !7a is closed under multiplication by a function holomorphic for \z\ < 1 and under composition with a function tp holomorphic and satisfying \tp(z)\ < 1 for \z\ < 1 when a > 1 . The last result is shown to be false when 0 < a < 1 .
In this paper Theorems A and B are generalized. The assertion of Theorem A is proved where p is replaced by any function holomorphic in A = {z e C: \z\ < 1} . Theorem B is extended from a = 2 to any a > 1 . This result was conjectured in [2] . Also, examples are given to verify that such a result is not generally valid when 0 < a < 1 .
Two additional facts proved in [5, Lemma 1, p. 112] are stated next and are used several times here. In the last section in this paper, a class of functions corresponding to a = 0 is considered and results analogous to those above are proved.
Closure under multiplication by holomorphic functions
This section contains the generalization of Theorem A. First it is noted that equation (14) in the proof of Theorem A in [5] is incorrect and should be replaced by /r du -0 and Ania) / x" dv(x) -An_x(a) \ xn~l dpix) for n = 1 ,2, ...
°°w
here _ a = ¿^Ania)zn.
A correct proof then proceeds in a similar way as the argument in [5] .
Theorem 1. If a > 0 / €9"a and g is holomorphic in A, then gf e&~a. Proof. The theorem is first proved in the case a = 1. A result is proved in this case which is stronger than that stated in the theorem. It is shown that if f e&x and g has a bounded derivative in A, then fg e&[. Suppose that r i (2) f(z)= --dp(x)
Jr l -xz for \z\ < 1, p e J?, g is holomorphic in A and |g'(z)| < M for \z\ < 1. Then \giz2) -g(z,)| < M \z2-z,| for |z,| < 1 and \z2\ < 1. Hence g is uniformly continuous in A, and thus g extends continuously to A. Also, (3) \g(z2)~g(zx)\<M\z2-zx\ for \zx\ < 1 and \z2\ < 1. The Jordan decomposition theorem implies that we may assume that p is a probability measure. Then / is the limit (uniform on compact subsets of A ) of a sequence of functions F each having the form 
k=\ Xk
Since ak = pkg(xk), (4) and (6) 
Since g is holomorphic in A, g(tz) = g(z) + zg'(z)(t -I) + h(t, z)(t -I) where A is holomorphic in a neighborhood of [0,1] x A. Hence, (10) and (9) imply
Jo It will be shown that each of the functions added in (11) belongs to &[. Firstly, gF e^x because of the case a -1 proved earlier.
Since / e &~a, Theorem D implies / e ^+1. Hence, by the observation made concerning (9), with a replaced by a + 1, it follows that /0'(1 -t)a~lf(tz)dt e £,. Thus H e &¡, and then zg'(z)H(z) e 9[, again by the first case of this proof.
It remains to verify that K e 9[. If / e 9^ then (1) implies that \f(z)\ < ||/i||/(l-|z|)a for |z| < 1. Let P = max{|«(i ,x)| : 0<i < 1, \z\< 1}. Then \K(z)\ < P\\p\\ f (1~y dt < P\\p\\ for |z| < 1.
Jo (1 -t\z\)
Hence K is a bounded holomorphic function and thus K e 9~x . Finally, suppose that 0 < a < 1, / e &a and g is holomorphic in A. Let h -gf. Theorem C implies /' e ¡Fa+X and thus the previous case of the theorem yields gf' e ^a+x . Theorem D implies / e ^a+x and hence g'f e 3ra+x . Therefore h' = gf' + g'f e 3ra+x and Theorem C yields /igJ. g
It is an open problem of characterizing the functions g holomorphic in A for which gf e &~a for every f e 9~a. We thank the referee for pointing out that in the case a = 1 Theorem 1 is not new and the reference [6; see p. 20] contains the more general result that if g e Hl and jf € S^ then fg e^\. The condition g e Hl cannot be relaxed to g e H°° . An example of this impossibility is given by the function g constructed in [3, p. 444 ]. This function is holomorphic and bounded in A and has unbounded partial sums J2"k=oak where S(z) = J2'k>=oakz ■ Since the coefficients of a function in â re bounded it follows that (1/(1 -z))g(z) £ &~x. The construction provides g which is even continuous in A.
Another interesting example of this type is obtained from an example constructed in [5] , where it is proved that there is a function F holomorphic and univalent in A such that F £ SF2. Moreover, F satisfies \F(z)\ < M/\l -z\2 Additional examples of such functions g are implied by results in [4] where necessary and sufficient conditions are proved for an inner function to be a "multiplier" of 3^. In particular, this provides g as suitable infinite Blaschke products. A descriptive account about this and related results is given in [2] . By repeated application of Lemma 1 the assertion of that lemma is valid where <p is any finite Blaschke product. The set of finite Blaschke products is dense (in the topology of convergence uniform on compact subsets of A ) in the set of all holomorphic functions tp satisfying \<p(z)\ < 1 for |z| < 1. These facts and the example / above imply the following: There is a sequence of finite Blaschke products {<pn} suchthat Go<pn has the representation ( 1 ) with p replaced by pn and \\pn\\ -* +00 as n -* 00. Then where dv(x) = x dp(x). This proves one half of (a). Conversely, suppose that f'(z) = Jr j^ dp(x) and p e ^f. Then f(z) -f(0) = f /(ta) dw = / I log T-i-dp(x)
where the measure v is defined by dv(x) = xdp(x). To prove (b), assume that f e9^. Then (a) implies / e 9^ and Theorem D yields f'e9^ for every ß > 1 . Theorem C implies f e 9rß_x and hence f e9^x for every q > 0.
To prove (c), let g = f ° <p ■ Since f e 9^ (a) implies f'e^ and hence Lemma 1 yields f' ° f e 9rx. The function ç/(z) = (1 -|C| )/ (1 + £z) is holomorphic in A and thus Theorem 1 implies g e 9^ as g'(z) = <p'(z)f'[<p(z)]. Therefore ge9r0.
To prove (d), note that (16) and f(z) = E~0â«z" ""Pâ n = (l/n) fx"dp(x)
for « = 1,2. h' = gf' + g'fe9rx and thus he 9%. D
